UNIVERSAL INDEX THEOREM ON M6b(S'i)\ Diff+(5i) 



Abstract. By conformal welding, there is a pair of univalent functions (/, g) 
associated to every point of the complex Kahler manifold M6b(S^)\ Diff+(S^). 
For every integer n > 1, we generalize the definition of Faber polynomials to 
define some canonical bases of holomorphic 1 — n and n differentials associated 
to the pair {f,g). Using these bases, we generalize the definition of Grunsky 
matrices to define matrices whose columns are the coefficients of the differen- 
tials with respect to standard bases of differentials on the unit disc and the 
exterior unit disc. We derive some identities among these matrices which are 
reminiscent of the Grunsky equality. By using these identities, we showed that 
we can define the Fredholm determinants of the period matrices of holomor- 
phic n differentials Nn, which are the Gram matrices of the canonical bases 
of holomorphic n-differentials with respect to the inner product given by the 
hyperbolic metric. Finally wc proved that det Af„ = {detA^i)®" — 6n+i ^^^j 
dd log det Nn is — (6n^ — 671 + 1)/ (67rj) of the Weil-Petersson symplectic form. 



This paper can be considered as a sequel to our paper [TT06j . in which we 
study the properties of the Weil-Petersson metric on the universal Teichmiiller 
space. However, a fundamental difference is that in this paper we no longer work 
with the entire universal Teichmiiller space, but instead we work with its subspace 
M6b(S'^)\ Diff_|_(S'^), which corresponds to smooth (C°°) mappings. As a result, 
we make no use of any quasi-conformal mapping theories, and we hope that this 
paper may be more accessible to people working in theoretical physics. 

Let ID and ID* denotes the unit disc and its exterior respectively. In [Kir87| . 
it was shown that every element 7 G S'^\ Diff+(S'^) is associated with a unique 
pair of univalent functions / : D C and g : D* ^ C such that 7 = o /, 
/(O) = 0,<?(oo) = 00 and /'(O) = 1. The (modified|3Faber polynomials M[0]fe(w) 



and v[Q]k{w), fc > 1 of {f,g) (see e.g. |Pom75| lDm83l ITeo03| ) is defined by 

(1.1) U[0UW) ^-l=Cg-l(u,))>i, v[OUw) = -l={f-\w))<.^. 
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"'^In order to conform with our later definitions, we modify slightly the definition, which differs 
from the usual one by some constants. 
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1. Introduction 
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They can be encoded in 



g'{z)w 



(g{z) - w)g{z) 



k=l 



f{z) - w 



= -j2'"i'^]k{w)V^z''-\ 



fc=l 



Define the Grunsky coefficients bmn of (/, g) |Pom75|. IDur83| ITeo03| by 



log 
log 
log 





-5(0 


z 


-c 




-/(C) 




z 


/(^) 


-/(C) 


z 


-c 



oc oo 



=^0,0 - X! X! 

m— 1 n— 1 

oc oc 

=^0,0 — ^ ''^bm,-nZ "^"j 
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oc oc 

=^0,0 — ^ fe-m.-n^^C"; 



m— n— 

and for m > 0, n > 1, b^m.n — bm,-n- Then 

oo 

«[0]fe(/(^))=E^^-'.'»^^'' 

u[0]fe(g(z)) =^=2*= - J-bo,k + y2Vklbi,k^i 



^;[0],(/(z))=^z-'= + 



fk °° 1 

\ -bo-k + Vklb^i^^k—j=' 

V TT ^ VttZ 



oo ^ 

z;[0]fc(.g(z)) Vkibi,-k^z-K 
1=1 

The Grunsky matrices A[0], i3[0], C[0], £'[0] are semi-infinite matrices defined by 
A[Q] ^{Vkib-uk)i,k>u B[Q] = {Vkibuk)uk>i, 

C[0] =(Vfcl5_z,_fc),,fc>i, i?[0] - {^/kibl,-k)uk>l. 

Grunsky equality |Hum72j (or see |TT06j ) says that for any complex numbers Afc, 
k — ±1, . . . , ±m, 



oc m 



E' E' v^fc^i^^fciAi = E' 



fc— — oo l — — ni 



In other words, 
(1.2) 

In particular, 



fB[0] D[0]\ fB[0]* A[0]* 
[a[0] C[0] j [d[0]* C[0]* 



Id. 



^[0]^[0]* + C[0]C[0]* = Id, i:'[0]L»[0]* + B[0]B[0]* ^ Id, 

which implies that both A[0] and D[0] define bounded operators on i'^ with norm 
less than or equal to one. In |TT06| . we defined a basis for Ai^2{^) and ^i,2(^^*) 
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- the Hilbert spaces of square-integrable holomorphic one- forms on O = /(B) and 
n* =g{W)- hy 



(1.3) 

Ik 



k > 1 



|y[i]fcH : v[iuw) = -vmw) = {r\w)-''-'{r'y{w)) fc > i| . 

Then 

U[lW{z))nz) ^f^Vklb^iMf^z'-^ 
U[lUg{z))g'{z) - E ^lh,k^z-'-\ 

V[lUf{z))f{z) - E ^lb-i,-k^z^-\ 

V[lUg{z))g'{z) =f2Vkibi,_k\[^z'-K 

The matrices C[l], £>[!] are defined by 

A[l] ={Vkib-i^k)i,k>i, B[l] = {-Vkibi,k)i,k>i, 

C[l] =i-Vkib-i,-k)i,k>i, D[l] = {Vkibi,-kkk>i, 

so that their columns correspond to the coefficients of U[l]k{f (z)) f (z) , U[l]k{g{z))g' {z) , 
^mk{f{z))f'{z) and V[l]k{g{z))g'{z) with respect to the standard bases 

and |/f.--:.>l} 

of 711,2(115) and Ai,2(lD)*). Obviously, A[l] = A[0], B[l] = ~B[0], C[l] = -C[0] and 
D[l] = D[0]. The Gram matrices of the bases {U[l]k : A: > 1} and {V[l]k : k > 1} 
with respect to the inner product is given by 

{Ni{n)ik)i,k>i ={jj U[l]i{w)U[l]k{w)Sw j = A[iYA^] = D[l]D[l]* 



l,k>l 



and 



{Niin*)i,k)i,k>i = \ JJ V[l]i{w)V[l]k{w)d\i, = D[lfD[l] = A[1]A[1]* 

/ Lk>l 

respectively. We call Ni{Q) and Ni{Q*) the period matrices of holomorphic one- 
forms. 
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Define the kernels 



oo oo 



7^ V(/(^) - /(W))"' (Z-W)^/ TT^^ 



-i-i„,.fc-i 



71- (5(2) - /H)2 '^^it"^ 



They define operators A[l] : Ai,2(B*) ^ Ai^aW, B[l] : ^1,2(15*) -> ^1,2(0*), 
C[l] : ^i^2(B) Ai,2(©) and V[l] : y4i,2(D) ^ Ai,2(D*) by 

(z) = // A[l]iz,w)J(w)d'^w 



and similarly for S[1],C[1] and With respect to the standard bases of v4i,2(D) 

and ^1,2(10'*) , their matrices are given by A[l], B[l], C[l] and D[l] respectively. 
We showed in [TTn6] that for 7 e M6b(S'i)\ Difr+(S'i), B[l] and C[l] are Hilbert- 
Schmidt operators. Therefore by the Grunsky equality (jl.2p . the Fredholm determi- 
nants of the period matrices and Z3[l]£'[l]* are well defined. We defined 
^1 : M6b(S'i)\Difr+(S'i) ^ R by 

= logdet(A[l]A[l]*) = logdet(i?[l]2?[l]*). 

Since v4[l]A[l]* is the matrix of the operator can also be interpreted 

as 

00 

S'l = log Jl^'' 

where 1 > Ai > A2 > . . . are the eigenvalues of the operator In this 

aspect, this function has been considered in [Sch57| . 

In [Nag92| (see also |NS95j ). Nag considered a period mapping on M6b(S'^)\ DifT+(S'^) 
in the following way. For any 7 e M6b(S'^)\ Diff+(S'i) and k ^ 0, let 

^ - ^ / 7(0'^^) = 5:n[0]a.^z' for z = e^^ e S\ 



and define 

ni[o] = (n[o]ifc)i,fe>i, n2[o] = (n[o]_z,fc)/,fc>i. 

They satisfy the following identity: 



(14) fn,[o] ii2[o]Wnr[or^ -W)=id 

^ ^ Vn2[o] n^W \-ii2n ni[o] ' 

Nag defined the period mapping by 



7^^ n2[o] ni[o] 
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We proved that ( |TT06| ) 

A[o] =(ni[o]*)-\ 



D[0]^Ih\0]-\ 



c[o] =n2[o]ni[o]'\ 

and therefore the period mapping can be equivalently defined by 

7^C[7;0], 



which is the definition given by KiriUov and Yuriev [KY88] , and (|1.4p is equivalent 
to the Grunsky equahty (|1.2p . 

Given a smooth curve 74 S Mob(S'^)\ DifF_|.(S'-'^) where 70 = 7, it defines a 
tangent vector at 7 in the foUowing way. Let Uj = 74 o 7"^ and 

dut 



dt 



CkZ 



fc+1 



C-fc 



-Cfc, z G S^. 



It corresponds to the holomorphic and anti-holomorphic tangent vectors 
v(z) = ^Cfcz''+^ and v(z) = v(z) = ^Cfcz''+^ 

k=2 k=2 

In |TT06| , we showed that the partial derivative of the function g'l is given by 

1 



5;?i(v) 



I2m 



S{g){z)v{z)dz, 



where S{g)(z) is the Schwarzian derivative of g. On the other hand, we proved that 
the function S : M6b(S'i)\ Diff+(S'i) ^ M defined by 

2 

d'^z - An log |.g'(oo)| 



Sil) 





f"{z) 








f'iz) 







satisfies 



and 



dS{Y)^ii S{g){z)v{z)dz 



k=2 



Ck\ 



The implies that 5 is a Weil-Petersson potential of Mob(S'^)\ Diff_|_(S'^) and 
(1.5) detNi{n) = det A[l]yl[l]* = exp ( 

\ IZTT 



In |MT06b| . inspired by the work of [MT06a| . we showed that for a pair of 
Riemann surfaces X and Y of genus g which are uniformized simultaneously by a 
quasi- Fuchsian group F, 

n R\ detA„ /Gn^ - 6n + 1 A , p. m2 
(1-6) = exp ( — Sqf \Fin)\ , 



det N,-, 



127r 



71 > 2, 



where A„ is the rt-Laplacian of the pair {X, Y) , Nn is the Gram matrix of a basis of 
holomorphic n-differentials with respect to the inner product induced by hyperbolic 
metrics, Sqp is a Weil-Petersson potential of the quasi-Fuchsian deformation space 



6 



LEE-PENG TEO 



and F{n) is a function defined by the group elements of T. This formula is the 
anti-derivative of the local index theorem (see e.g. |TZ91j ) which states that 

- - Gtz"^ — Gti -t- 1 
(1.7) i991ogdet A„ — 991ogdetiV„ — towp, 

OTTl 

where towp is the symplectic two- form corresponding to the Weil-Petersson metric. 
In physics notation, the term 

671^ -6n+l 
— ■■ ^wp 

DTTl 

here is the anomaly term. Since pairs of Riemann surfaces (X, Y) simultaneously 
uniformized by quasi-Fuchsian groups and the homogeneous space M6b(S'^)\ Diff_|_(5'^) 
both sit inside the universal Teichmiiller space, it is natural to look for the general- 
ization of the index theorem p.7p and the factorization formula (|1.6p to M6b(S'^)\ Diff4.(S'^), 
which is the main question addressed in this paper. In fact, (jl.Sp is the generaliza- 
tion we are looking for when n = I. 

To prove the formula (|1.6p , one of the necessary ingredients is to consider a basis 
of holomorphic n-differentials of X and Y defined by the Bers integral operator 
[Ber66] K[n] : A^JiY) ^ A„,2(^) : 



{K[n](l)){z) = / / K[n]{z,w)(f)iw)p{wy-''d^w, 



Y 

where with the coordinates provided by the covering maps Ji : Vl ^ X ^ J2 : ^* 
Y, the kernel K[n\(z,w) is given by 

The term detiV„ in (|1.6p turned up to be equal to det i4r[n]if [71]*. On the other 
hand, the Grunsky matrix A[l] can be considered as the generalization of K[n] to 
Mob(S'^)\ Diff_|-(S'^) and n = 1. This gives us some hints of how to generalize (|1.6p 
to Mob(S'i)\Diff+(S'i) for arbitrary n>2. 

In this paper, we start by working with the manifold S'^\ Diff-|-(5'^), a fiber 
space of M6b(S'^)\ Diff-|-(S'^) with fiber isomorphic to D*. For any point 7 G 
S^\ Diff+(S'^) and any integer n > 1, we define bases of holomorphic 1 — n differen- 
tials and n differentials for il — /(©) and fl* = g{^*), which mimic the definitions 
of {w[0]fe}, {u[0]fc} (fLTjl and {C/[l]fc, V [1]^} (fO]) . In fact, there are two ways to 
generalize {/7[l]fe}, {l/[l]fc}, one of the them we denote by {C/[n]fc}, and 
the other by {p[?7]fc}, {g[7i]fe}- The bases {(/[njfe} are related to the kernel 

of Bers integral operator K[n] : An,2{^*) ^n,2(f^) by 

K[n]{f{z),g{w))f{zrg'{wr 
22"-2(2n-l) /'(z)VM" 



{f{z)-g{w)) 



In 



E 



v{nU!(z))i [z) J ,(2,_2)! (fc-n)! " 
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We denote the transition matrices from the basis {[/[n]fc} to the basis and 
from the basis {V^[n]fc} to the basis {g[n]fc} by ^[n] and respectively. They 

are upper triangular matrices with diagonal elements identically equal to 1. We 
show that the matrices ^[n] — ld[n] and VJl[n] — ld[n] are trace class. We also 
define the matrices A[l — n], B[l — n], C[l — n], D[l — n], A[n], B[n], C[n], D[n\, 
2t[?T.], 05 [n], €[n], !D[n] so that their columns give the coefhcients of the expan- 
sions of u[l - ^.[1 - nUg{z))g' (z)^-" , v[l - n] (/(z))/'(z)i-", 

«[1 - U[n]kif{z))f'{zr, U[nUg{z))g' (z)^ , 

V[nUg{z))g'izr, pMfe(/(z))/'(z)», p[nUg{z))g'{zr, g[n],(/(z))/'(z)», q[nUgiz))g'{z) 
with respect to standard bases of corresponding differentials on D and B*. Since 
21 [n] is the matrix of K[n] with respect to the standard bases of n-differentials on 
D and D*, by proving that the Bers integral operator K[n] is a bounded operator, 
we can conclude that these matrices all define bounded operators on some Hilbert 
spaces. 

With the choice of the bases {[/[nj^}, {y[n]fc} or {pH/c},{9Mfe} of A„^2(D) 
and A„^2(D*), we define the period matrices iV„(ri), Nn{il*) of holomorphic n 
differentials of fl and il* to be the Gram matrices of these bases with respect to the 
inner products on An^2i^) and An^2{^*) respectively. Depending on the bases we 
choose, they are equal to ^[7i]-^^[n] and D[n]-'"£'[7i] in the former case, and equal 
to 2l[n]'^2t[n] and S)[rt]"^2'[n] in the later. One of our main challenge is to show that 
the function 5„ : M6b(S'i)\ Diff+(S'i) -> R, where 

S[n] = logdet7V„(r2) = logdet ^[n]^[n]* 

is well-defined. Namely, we need to show that yl[n]yl[n]* — Id[n] is of trace class. 
Since 2t[n] = 74[n]*p[rt], and ^[n] — ld[n] is a strictly upper triangular trace class 
operator, can also be interpreted as logdeti4r[n]if[n]*. 

To show that A[n]74[n]* — Id[n] is of trace class, we derive Grunsky-like equalities 
which generalize the Grunsky equality ()1.2p for Grunsky matrices. We first define 
the ZxZ matrix n[7; n] for any integer n so that its columns are, up to normalization 
constants, given by the coefficients of the expansion of 7(z)''~"7'(z)", fc e Z with 
respect to Let 

ni[7;n] = (n[7;n])/,fe>„, 112(7; n] (n[7; 7i]-/^fe)/>i-„,fc>n- 

We show that for n > 1, there exists matrices 6j[n],j — 1,2,3,4 such that 

(1-8) 

(u,[r,n] U2[r,n] \ ( Hi [7; 71]* -ri2[7^]*\ /id[Ti] + SiM &M \ 

XMtM Iii[T,n]) \-n2\rM* ni[7;7i]* ^ ^ 62H ld[n] + &i[n]) 

and 61 [71] — 64 [tt.] is trace class. By showing that 

A^i-n] =ni[7-V]-\ B[7;ri] =n2[7"';n]ni[7-i;7i]-\ 

C[rM =n2[7;n]ni[7;n]-\ D[7;n] =ni[7;n]-i 

for all integers n, we derive from (|1.8p the identity 

^[7; n]A[r, n]* = Id[n] - ^[7; n]ei [7^^; n]A[7; n]* - C[r, 1 - 7i]^C[7; 1 - n]. 

To conclude that log det A[7i]yl[?T,]* is well-defined, we show by using variation tech- 
niques that C[7; 1 — 7i]-^C[7; 1 — n] is trace class. 
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After the tedious effort spent on proving that the function is well defined, we 
proceed to compute its derivative. We show that 

ddn{v) = 77r~ f S{g)(z)v{z)dz. 

I2m Jgi 

From this we conclude the universal index theorem on M6b(S'^)\ Diff-|_(S'^) : 
det7V„ = det K[n]K[n]* = exp S 



Utt 



and 



oo^n = TT-. i^WP, 

bm 



which are the generalizations of (|1.6p and p.7p to our homogeneous space M6b(S'-'^)\ Diff-|_(S'-'^). 
It also follows that 

detiV„ = (det7Vi)6"'-6"+i, 
a universal version of Mumford isomorphism (Mum77] . 

2. The homogeneous spaces Diff+(S'i) and M6b(5'i)\ Diff+(5i) 

In this section, we briefly recall some facts we need about the homogeneous 
spaces 5i\Diff+(5'i) and M6b(S'i)\ Difr+(5'i). 

Let E) and D* be the unit circle and its exterior, and let S"^ be the unit circle. 
Denote by Diff+(S'^) the space of orientation preserving diffeomorphisms on the unit 
circle . Under composition of mappings, Diff+(S'^) is a Frechet Lie group. We 
identify the subgroup of rotations with itself. It defines a left action on Diff+(S'^) 
and the resulting homogeneous space Diff+(S'^) is a complex Kahler manifold, 
which is an object of much interest in string theory. According to Kirillov |Kir87| 
(see also |Teo04| ) . for every point 7 £ S^\ Diff+(S'^), identified with an element of 
Diff_(_(5'"'^) fixing the point 1, there exists a unique conformal welding J = ° f, 
where / and g can be extended to diffeomorphisms on C in such a way that 

Wl / is holomorphic on D and g is holomorphic on D*. 
W2 /(0) = 0,.g(oo) = (X3,/'(0) = l. 

We call (/, g) the pair of univalent functions associated to 7. The domains fl = 
/(D) and Q* ~ <?(ID'*) are simply connected domains in C with common boundary 
C = j{S^) = g{S^) a C°° curve. 

Under the inversion 3 : S'i\ Diff+(S'i) Diff+(S'i), 3(7) = 7-1, the pair 

of univalent functions (/[7~^], 5[7~^]) associated to 7^^ is related to the pair of 
univalent functions (/[7],5'[7]) associated to 7 by 



(2.1) fh-']{z) - {foiog[j]o,){z)=f/g[j]{l/z), 



9h ^](^) = (r o Lo f[y]o l){z) = r//[7](l/z), 

where i : C — > C is the inversion z 1— > 1/z on C and r = g'{oo). 

Let M6b(S'^) = PSU(1, 1) be the group of Mobius transformations on the unit cir- 
cle. The homogeneous space M6b(S'"'^)\ Diff4.(S'^) is a quotient space of Diff_|_(5^) 
We represent a point 7 G M6b(S'^)\ Diff+(S'^) with an element 7 e Diff+(5'^) that 
fixes — and 1. Fix a point 70 G M6b(5'^)\ Diff+(5'^), the points in the fiber of 
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S'i\Diff+(5i) ^ M6b(S'i)\Diff+(5i) over 70 are given by (7^070 e S'i\ Diff+(5i), 
It; e D*, where cfw is the hnear fractional transformation 

, . 1 — w 1 — zw 

<Jw[zj . 

I — w z — w 

The tangent space at the origin of M6b(5'^)\ Diff+(5^) consist of smooth vector 
fields 

u(z) = ^ Cfez''+\ c_fe = -Cfc, z e 5^ 

fcez\{-i,o,i} 

3 on . The holomorphic and anti-holomorphic tangent vectors corresponding to 
u are given respectively by 



(2.2) v^^Cfcz'^+i, v(z)=v(z) = ^ 



-Ck-z'^^ 



fe=2 fc=2 



The tangent space at any other point 7 e M6b(S'^)\ Diff+(S'^) can be identified 
with the tangent space at the origin via right translation. To be more precise, let 
7t be a smooth curve in M6b(5^)\ Diff_|_(5^) such that 70 = 7. Define Uf — ^t°l~^ 
and 



Vit{Z) = > CkZ^+^. 



It defines the holomorphic and anti-holomorphic tangent vectors v and v with 
formulas given by p.2|) . 

The Weil Petersson metric is up to constants, the unique right-invariant Kahler 
metric on M6b(S'^)\ Diff-|_(S'^). At the tangent space of the origin, it is given by 

l|v||^P = 2^5](fc3_fc)|cfcp, 

k=2 

where v(z) = J2T=2 Ckz^'^^ is a holomorphic tangent vector. 



3. Spaces and families of holomorphic differentials 

Given the simply connected domains SI and f2*, and an integer n, a holomorphic 
n differential on Vi (resp. fi* ) is a holomorphic function </> on J7 (resp. f2*) such 
that 

(j){z) = 0(1) as z ^ (resp. ^(z) = 0(z~^") as z ^ 00). 

For £' = SI or ri*, we denote by 7Y"(£') the space of holomorphic n-differentials 
on E. For n > f , we let Ho^"(£') to be the subspace of TL^^"-{E) consisting of all 
4> that satisfies 

<p{z) =0(z2"-i) as z ^ 0, if E = n 
(resp. (j){z) —Oiz^-^) as z ^ 00, if -E = O*). 



'Here we purposely differ from the usual convention by a factor of iz. 
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For n > 1, the Hilbert space An,2{E) is defined to be the subspace of W^{E) 
given by 



An^2{E) = I <!> holomorphic on E : \\<I>\\1^ = JJ < 



DO 



Here ps is the hyperbolic metric (i.e., metric with constant curvature —1) density 
on E. 

When n > 1, let 

(3.1) a„ = , f3n = ^— ^ = (2n - l)!a„, 



(3.2) c[n]k 



(3.3) c[l - n]k 



n\k\+n-r)\ .J |, I 

' "V i\k\-ny. ' " I'^l - 

/oT, if Ifcl < n. 



^Nfe if |A;| < n. 

It is easy to check that 

{e'^[n]k{z) = c[n]kz''~'" : k>n} and {e~[n]k{z) = c[n]kZ~''~'" : k>n} 
are orthonormal bases for A„ 2(1^) and ^n,2(Ii'*) respectively. Since 

^^""^ . n „i _ / (sgn„ A:)c[n]fcZ±'=-», if \k\ > n, 

rf^2„-il41 nlkz if|/fc|<n, 

where 



sgn„ k = 

we define 



1, if fc > n, 
— 1, if fc < n, 



{e+[l - n\k{z) = c[l - n]kz''+"'-'^ : k>n} and 
{e-[l - n]k{z) = c[l - n]fc0-'=+"-i ■.k>n} 

as the corresponding bases of nl~"(JD)) and Ho""(I]>*). 

Given a point 7 G S'"'^\ Diff+(5'^) with associated pair of univalent functions 
(/, g) and domains (fi, fl*), our goal is to define some canonical bases of Ho~"(f2), 
Ho""(12*), A„,2(f^) and A„^2{^*) for any integer n > 1. 

Given a power series P{'w) = X^^gz Ckw'^ and a subset S of integers, we define 

P{w)s = J2ckw''. 
fees 
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3.1. Bases otHo^^in) and Hg^'X^*)- For k > n, define the Faber-type polyno- 
mials 

u[l - nUw) - n], ((g-^H)^+"-^(ff-^)'H^-")>2„_i , 

v[i - nUw) =c[i - n], {{r\w))-'+"-\r'y{wy-)^_^ . 

It is easy to see that u[l — n\k is a polynomial of degree fc + n — 1 in u; and v[l — n\k 
is a polynomial of degree k — n + 1 in w^^ . Moreover, by definition, they belong to 
nl'^'in) and respectively. Therefore, {u[l - n]k : k> n} is a basis for 

nl'^'ln) and {v[l-n]k : fc > n} is a basis for For n = 1, u[0]k{w) and 

ti[0]fc(w) are up to normalization and the constant terms, the Faber polynomials 
(see e.g. |Pom751 IDur83[ ITeoOSj ) of the pair (/, 5). One can check by residue 
calculus that m[1 — nj^ and w[l — nj^ are encoded in the expansion 



{g{z) - w)g{z)^'^ 1 an 



k—n 



^ 00 

— V - n]fc(w)c[n]fez'=-". 



J{z)-w a,. 

Consider the expansions of u[l — n]k o — n]k o g{g')^^"' ,v[l — n]k o 

/(/')!-", ^[l - n]k o around or 00: 



(3.5) 



41 ~ n]fc(/(z))/'(z)i-" =Y.A[1- nUc[l - n] 



l=n 



[l-n]fc(5(z)).9'(z)i-"=c[l-n]fez'=+"-i+ ^ - n]ifcc[l 



i>[l-7i]fc(/(z))/'(z)i-«=c[l-n]fcZ-'=+"-i+ ^ C[l-n],fec[l- 



i=l-r; 



[1 - n]fc(5(^))5'(^)'-" = E - - "]'^"'+""'- 



Then 
(3.6) 

5'(z)"/'(w)i-"/(u;)2"-i 



00 CX3 



— E E - ?i]ifcc[l - ri]ic[n]fcw'+^ 



-i^-fc- 



(g(z) - /(u;))5(z)2"-i 

-'(z)V(^)'-"5(^)'"-' _ 1 , 1 oM „i,,„M „i,„r„i,.,.-z+n-i 



(ff(z) - g(u;))<?(2)'"- 



1 



z — w a,^ 

k—n l—l—n 
00 00 



00 00 

E E ^[1 - "]ifec[l - n];c[n]fcw -z 



/(Z) - /(w) Z - W ^ri f-^ 

k—n l—l~n 



/'(z)".g'(w)i-" 



/(z)-5(ii') 



^ 00 oc 

- E E ^[1 - - n]ic[n]kW-'+''-'z''-^. 
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We define the matrices A[l - n],B[l - n],B[l - n],C[l - n],C[l - n],D[l - n] 

by 

A[l - n] ={A[1 - n]ik)Lk>n, D[l - n] = {D[l - n]ik)Lk>n, 

B[l - n] ={B[1 - n]ik)Lk>n C[l - n] = (C[l - n]ik)Lk>n, 

B[l - n] ={B[1 - n]i,k)i>i-n,k>7i, C[l - n] = (C[l - n]Lfe)i>i-n,fe>n- 



Using (|2.1[) , it is straightforward to verify from (|3.6p that under the inversion 7 
7^1 on S'i\Difr+(5i), 

(3.7) 



A[-f-^;l-ji]= D[rA^n], B[-f-^;l - n] = C[r,l - n], ^[7-1; 1 - n] C[7; 1 
for aU7e 5'i\Difr+(5i). 

3.2. Bases of An,2{^) and An^2{^*)- There are two natural ways to choose bases 
for An^2i^) and A„^2{^*). 

First Choice. For k > n, define the Faber-type polynomials 

V[nUw) =c[n], ((/-^H)-''-"(/-i)'(«;)«)<_2„. 

It is easy to see that U[n\k is a polynomial of degree fc — n in w, V"[n]fc(?x;) is a 
polynomial of degree k + n in w^^ and V[n]k{w) = 0{w^^") as w — > 00. Therefore, 
{t/[n]fc(w) : k > n} and {V[n]k{w) : k > n} are bases of An,2{^) and An^2{^*) 
respectively. By residue calculus, it is easy to verify that the families {U[n\k{w)} 
and {t/[n]fc(u')} can be compactly defined by 

(3.8) ^ V U[nUw)c[l ~ n],z-'=+"-i, 



(/(z) - u;)w2" 1 ^ 



Y,V[n]k{w)c[l 



n kZ 



From the definition of U[n]k and V^[n]fc, it is easy to see that J7[7i]fe o /(/')", U[n\k o 
5(5')"! ^[j^lfe ° fif'Y'' and o g{g')" have expansions around or cx3 of the 

following form: 



(3.9) [/[n],(/(z))/'(z)" =^A[n],fccN,z'-", 

00 

C/[n]fe(5(z)).g'(z)"=c[n]fez''^-"+ ^ B[nUc[n]iz-'-^ , 

l=l-n 



y[n],(/(z))/'(z)"=c[n]fcZ-'=-"+ ^ CHa-cN^z'" 



l = l-n 



yM,(5(z))5'(z)" -^Z^MzfecMzz-'-". 
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It follows that 
(3.10) 



g'{zy--f'{wr 1 °° 



g{z)-f{w) a..^^^^ 
5'(2)i-".g'(w)" 



^^A[n\ikc[n]ic[l-n]kw'' "z 



/ — n ^ — fc+n— 1 



, s . . ^ i?[n]ifcc[n];c[l - n]kW ' "2: 



nzf-nwYfizf--^ 1 1 _^ 

-T7r\ fi \\f( \2n^i = 1^1^ C n ifcC n iC 1 - n\kW z ^ 

{f{z)- fiw))f{wy" ^ z-w 

/-(z)|-"g>r/(zf-i = - - E E ^ W..c[n],c[l - n],w-^~-z^^-~\ 
{f{z) - g{w))g{wy" 1 a„ f-^ ^ 

We define the matriees A[n], B[n], B[n], C[n], C[n], D[n] by 

A[n] ={A[n]ik)i,k>n, D[n] {D[n]ik)i>n,k>n, 

B[n] ^iB[n\ik)i,k>n, C[n] = iC[n\ik)i>„M>n, 

B[n] ^{B[n]ik)l>l-n.k>n, C[n] = {C[n]ik)l>l-nM>n- 

Under the inversion 7 — > 7^^ on Diff+(5^), 



A[j-';n]=D[r,n], S^-^; n] = ^[7; n], B[-f-':n] ^ C[r,n] 

for all7e S'i\Diff+(5i). 

Comparing p.6p and (|3.10p gives the following relation. 

(3.11) A[l - n] = L'H'^, L»[l - n] = A[nf . 

Second Choice. Another natural bases : k > n} and {g[n]fc : fc > n} of 

An,2{^) and An,2{^*) are defined by 

(3.12) p[n]k{w)=u[l-nt^''-'\w), q[nUw) ^ -v[l ^ 4^''-'\w) . 

It is easy to see that p[n]fe(z«) is a polynomial of degree fc — n in w, q[n\k{w) is a 
polynomial of degree fc + n in and q[n]fc(it;) = 0{w~^") as w — > 00. Therefore, 
\ k > n} and {(/[nj^ | > n} indeed form bases of An,2{^) and A„_2(f^*) 
respectively. The expansions of p[n]k o f{f')",p[n\k o g(.g')", q[n]k o /(/')", ^Wfc ° 
g{g'y^ around or 00 have the following form: 

00 

(3.13) p[n]fc(/(z))/'(z)" - aWifecWiz'-", 

1 — 71 

k 00 

pNfc(g(^))g'(2)"=E'P["];fcc["]i^'""+ E »Wifcc[n]iz-'-", 

k 00 

q[n]fe(/(z))/'(z)"=^OT[n],fcc[n]iZ-'-"+ ^ e:[n]ifcc[n]iz'-", 



q[n]k{g{z))g' [zY =E®["]ifcc[n];z 



— / — n 
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The matrices 2l[7i], 23[7i], 58[n], C[n], D[n], ?p[7i], 9}l[n] are defined respectively 

by 

2l[n] =(2l[n]a-)(,fe>«, = iD[n]ik)i,k>n, 

*B[n] ={^[n]ik)i,k>n, £N = {^[n]ik)i,k>n, 

*8[n] =(Q5[n];fc)i>l-„,fe>«, = (CW(fe)i>l-n,fc>n, 

<P[n] =(<P[n]ife);,fc>„, 97l[n] = (an[n],fc);,fc>„. 

Differentiating (|3.4p with respect to w (2n — 1) times and using the definition (|3.ip 
of /3„, we have 

(3.14) 

{g{z)-w) 



^" r.r.V- - E - 4k''~'\w)c[n]kz-^- = Y,p[n]k{w)c[n]kZ-''- 

k—n k—n 

CO oo 



^- (fU) -\,)2n = - E '^[l - n]r''\w)c[n]kz-'^- = J2 q[nUw)c[n]kz'^ 

) ' k=n k=n 



nzT 

Therefore, 

a 9'{z)"f'{w)^ Y^Y^ofr 1 r 1 r 1 -fe-n 



oc oo 



k—n l—n 

JO 

l — n^,,k—n 



\g(z)-f{w)Y- 

CO CO 

= '^^^[n\ikC[n\ic[n\kZ ■ -'w 

k—n l—n 

It follows that, 

Under the inversion 7 i— > 7^^, we have 



2t[7-^n] =S)[7;n], ^p^-i; n] = ^[7; n]. 



for all7e S'i\Difr+(5i). 

From the definitions of p[n\k and C/[n]fe, we can write p[n\k as a linear combina- 
tion of U[n]i with n < I < k. In fact, from the expansion of p[n\k{g{z))g' (z)" and 
U[n]k{g{z))g' (z)"' , it is easy to conclude that 

k 

(3.15) -^<p[n],fcC/[n]i. 

l=n 

Similarly, we have 

00 

q[n]k = Y,M[n]ikV[n]i. 

l—n 

Therefore, ^[n] and Tl[n] are transition matrices between the bases {p[rt]fe}, {C/[n]fe} 
and the bases ,{^[71]^} respectively. These give 

(3.16) a[7i] = A[n]*P[n], »[n] = B[n]'^[n], «B[n] = B[n]^[n], 
Tl[n] = D[n]dn[n], £[71] = C[n]M[n], €[n] = C[n]m[n]. 
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In case n ~ 1, differentiating (13. 8p with respect to z and compare to ()3.14p . we find 
that p[l]k = U[l]k and q[l]k = V[l]k for all fc > 1. Therefore, «P[1] = m[l] = Id 
and 

2l[l]=A[l], *B[1]-B[1], ^[1]^D[1]. 

3.3. A basis of 7i^~"(f7). For the purpose of proving our main theorem in a later 
section, we also need to consider the family of polynomials defined by 

U[l - n]kH = c[l - n]k {g~'{w)''+'^-\g-'nw))^^ , k > 1 - n. 

Since J7[l — n]fe(w) is a polynomial of degree /c + rt— 1 in {[/[I — n]fe : k>l~n} 
form a basis of By residue calculus, 



^ oc 

— V U[l-n]kiw)c[n]kZ-''- 



giz)-w 
Let 

OO 



l=l-n 

OO 

i+n-1 



U[l - n]fe(.9(z)).g'(z)i-" -c[l - n]fez'-+"-i + - n]a.c[l - n],z 

l—n 

and define the matrix 

A[l-n] = iA[l-n]ik),k>i-n- 



Then, 



(3.17) '\\_\ , ~ E E A[l-"]'^-^N^c[l-n],z«-— z 
For fc > n, we also define the holomorphic n-differentials by 
^W^(^) = — - nUf{z))r{zy-) = — ^ A[l - n]ikc[n]iz' 

(Xn ^Z Oiji 

l—n 

Since / is a smooth function and U[l — n]k{z) is a polynomial, li[rt]fe G An,2( 



4. Operators on Hilbert spaces 

It is easy to verify that for any (j) e An,2{^) or An.2{^*), we have the following 
reproducing formula. 

D orD* 

Therefore, the kernel for the identity operator id[n] on yl„_2(ID') and An,2{^*) are 
given by 



d[n] (z, w) = 



Pn _ EZn cMlizw)''-", if Z,we D, 



16 



LEE-PENG TEO 



In [Ber66j . Bers defined the integral operator K[n] (resp. L[n]) which maps 
anti-holomorphic n-difFerentials on f2* (resp. Q) to holomorphic n- differentials on 
(resp. ri*) by 



4>{w)p{wY " 

(z — 

</)(w)p(u')^~" 

(z - 



Here we want to show that K[n\ maps An^2{^*) into An^2{^) and it is a bounded 
operator. 



Proposition 4.1. iir[n] is a hounded integral operator mapping v4„ 2(f^*) *'^^o 

A„,2(f^). 

Proof. We have to show that there is a constant M such that for all (j) G An^2{^*) 

\\K4>\\n,2< UWna- 

The result is well-known for n — \ and in this case, M — 1 will work (see e.g. 
|TT06j ). Let ?7i(w) (resp. ri2{z)) to be the distance oiw ^VL* (resp. 2 € fi) to the 
boundary of fi* (resp. fi). Classical inequality says that (see e.g. |Nag88| ) 

7 < V^{zfp^{z) < 4, 



i = 1,2. 



Therefore, for any integer fc > 1, 



\z — w 



2k-2 



< 



p{w) 



1-fc 



rji {w) 



2k-2 



< 4 



fc-1 



and 



p{w[ 



i-fe 



|4fc 



|2fc+2 



d^W 



\z — w\>ri2{z) 



-Z TT 



rdr 

Z2k+2 



-Piz) 



This implies that for n > 2, 
(4.1) 



— r'n 



(l){w)p{w) 

{z — Ui)^" 

p{wf-'" 



-d\ 



■d^W 



pizf-'^d^z 



\z — w\ 



\z - w\ 



d'w p{zY'''d'z 



<- 



n-1 



|?!)(w)|2p(w)- 



-d wd z. 
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By our result in |TT06| . for w eD*, 

1 ff (Pz . _ 1 



r2 



L[l]L[l]*{w,w) < ld[l]iw,w) = —p{w) 



Therefore, (|4.ip is bounded by 



n-lJJ n - 1 

This imphes the assertion. □ 

In this proposition, we show that the norm of the operator K[n\ is less than or 
equal to (2^"~'*7r/-y/n — l)/3„. In fact, we conjecture that it is less than or equal to 
1. We gave some justification of this conjecture in the Appendix. 

Under the isomorphism An,2{^) — ^n,2(ID)) and A„.2(fi*) ~ yl„.2(D*) induced 
by / and g respectively, we can consider K[n\ (resp. L[n\) as an operator from 
^n,2(ID)*) (resp. A„^2(]D')) to An,2{'^) (resp. A„^2(©*))- It is easy to check that in 
this perspective, the kernel of K[n\ and L[n\ are given by 

^\n\(z,w) — -—T—s , and 2j n (z, w) — , , . ^, . 

Therefore, 

Lemma 4.2. The matrices 2l[n] anc? S[n] define bounded operators on . 
For any integer n > 1, we define kernels 



oo oo 



(4.2) A[n]{z, w)=J2J2 A[n]i^kc[n]ic[n]k 



k—n l—n 

oo oo 



k—n l—n 

We are going to show in later sections that A[n] and C[n] define bounded operators 
on Therefore, they can be considered as integral operators A[n] : ^„.2(ID') 
An,2{^*) and C[n] : A^JiWj A„^2(B). From (jXTUl) and dSl]), we find that 

A[n]{z, H = - an^^ 9iz)~fH ) ' 

^2«-i //'(z)"/'(it;)i-" 1 

gjy^2n-l \^ f[z) — f{w) Z — W ^ 

Therefore, A[n] and C[n]"^ can be considered as the composition of the integral 
operators -4o[n], Co[n] mapping anti-holomorphic n differentials to holomorphic 
l — n differentials defined by 



(4.3) C[n]{z , w) — — an 



[Ao[n\(j)}{z) =-an / / 1—^ d w, 

J J 9[z)-f{w) 

D 

(CoW0)(z) =a„|| (^/M^Z^H: „ J^)p{wY--d^w, 

D 

with the map dn of taking 2n — 1 times derivatives of a 1 — n differential. 
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Finally, we also define the operator : An^20^*) ^n,2(ID>) by the kernel 

-J oc oc 

(4.4) V[n]{z,w) =— ^^A[l-n],fcc[n]ic[n]fcw;'-"^-'=-" 



K=n L—n 



£n-l /g'(^z)''f'{w) \ V- ,,r 1 / X r 1 k n 



5. Period Matrices of holomorphic ti-differentials 

For a domain E, the period matrix of holomorphic n differentials Nn{E) can be 
defined after we specify a choice of basis for An^2{E). Since there are two natural 
choices of bases for An^2{^) and An,2{^*) respectively, we can define Nn{fl) and 

Nn{^*) in two different ways. 

Definition 1. We define the period matrices J\fn{^) and A/'„(f2*) by the bases 
{U[n]i.{z) : k> n} and : k > n}. More precisely, 



J^n{^)ik ={U[n]i,U[n]k)n,2 = // U[n]i{w)U[n]kHPn{wy-"d'w, 



J^n^k ={V[n]i,V[n]k)n,2 = // V[n]iiw)V[n]k{w)pn'iwy-"d'w. 



Definition 2. We define the period matrices Nn{0,) and 7V„(f2*) by the bases 
{p[n\k{z) : k > n} and {q'[n]fe(2) : k > n}. More precisely, 

Nn{^)ik ={p[n\i,p[n]k)n,2 = jj p[n]i{w)p[n]k{w)pn{wY~'^(fw, 

n 

Nn{fl*)ik ={q[n]i,q[n]k)n,2 = jj q[n]i{w)q[n]kiw)pn. 



Using the fact that {e+[n]fe | fc > n} is an orthonormal basis for A„_2(D), it is 
easy to compute that 



{U[n]i,U[n]k)n,2 = jj U[n]i{w)U[n]k{w)pa{w)^-^d^w 



U[n]iif{z))f'{zrU[n]k{f{z))f'{zrpn{zy-^d''z 

OO 

= A[n]miA\n\ 



J=n 



'\mk 

m—n 

--{A[nfA^])ik. 



This gives 



7V„(r2) =A[n]^A[n] = D[l - n]D[l - n]* . 
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Similarly, we find that 

Afnifl*) =D[nf'D\n\ = A[l - n]A[l - n]*, 

N„{n*) ^Ti[nf^D\n\ = 2t[n]2t[n]*. 



6. The transition matrices and Tl[n] 

In this section, we are going to discuss the properties of the matrices ^[n] and 
dJl[n\ for any integer n > 1. 

First, we define the Schwarzian derivative of a diffeomorphism T : C — > C by 

Here the subscript z denotes partial derivative with respect to z. We denote 9\c[T] 
the ring C[S{T), S{T)^, S{T)^^, . . .] whose elements are polynomials in 5(r)("), n > 
00 When T is a fractional linear transformation, S{T) — and therefore ?lc[T] = 
C. 

For n = 1, we have seen that = m[l] = Id. 

For n > 2, we have to apply the following well-known fact: 

Lemma 6.1. Let E be a domain on <C, h : E ^ C a meromorphic function on E 
andT : C ^ C a diffeomorphism. For any integer n > 2, there exists ^[n]k G ^Hc[r], 
2 < k < 2n ~ 1 such that 

{h o T(r,)i-") ^'""'^ o T{T,r - eN2 {h o r(T,)i-") 

- cNs {h o r(T,)i-") - ... - cN2„-i {h o r(T,)i-") 

For example, when rt = 2, we have ^[2]2 = 2S{T), £,[2]3 = S{T)z, or equivalently 
fhoT\ , o ^, ,/hoT\ ^, , /hoT\ 

When n = 3, e[3]2 = 105(T), ^3 = 155(T)„ ^[3]4 = 9S{T),, + 165(T)2, ^[3]5 = 
25(r),,, + 165(T)5(r)„ or equivalently, 

f ^) =h o rn - i05(T) f ^) - i55(r). f ^) 

V J V /22Z V ^ZZ J 

- {9S{TUz + 165(T)2) (^^) ~ (25(T)_ + 16S{T)S{T)z) 



''Here for a function F, F^"^ denotes the n-partial derivatives with respect to z. 
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Now, we differentiate the formulas in (|3.8p with respect to z (2n — 1) times: 

{g{z) - w 



I ( \n 



k—n 



^[g; nh{z) ^ U[n]k{w)c[l ~ n\k 



(fc + »-4)! fc,„ 
(fc-n)! 



+3 



+ . . . - eiff; ri]2„-i(^) E U[n]kiw)c[l - 



It is easy to check that for 2 < m < 2ri — 1, (— has the expansion 



fc2 



For fc < 2, we let ^[g; n; m]k = 0. It follows from (PH)) . ([XT5)) and (p7T|) that 

tco\ mr 1 A , c[l - n]ic[2\k-i (/ + n - to - 1)! „ 

m=2 ^ 

Similarly, we have 

(6.3) DJtW,. = <5,. + -^-J- ^___^^[/;,;™],_,, 

where 

oo 

^[/;n]„,(z) - ^ S[/;n;TO]fcc[2]fe^'=-™. 

fc— m 

and E][/; n; mj^ = for k < m. 
Remark 6.2. In the case n — 2^ we let 

oo oo 

S{g){z) = E gkcm.z-"-', S{f){z) = ^ ffec[2]fez'=-2. 



fc=2 fc=2 



Then 



e[<7;2]2(z) =25(g)(z) = ^(2g,)c[2],z-'= 

oo 

2Uz) = - 5(.g)'(z) = ^((fc + 2)gfe)c[2] 

oo 

e[/;2]2(z) =25(/)(z) =^(2ffe)c[2]fez'=-2 

fc=2 



^[/;2]3(z) =5(/)'(z)^£((fc-2)ffc)c[2] 



fc2 
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Therefore, 

CP[2J/fc H (k + l)gk-i, 

(wroi X I c[-l]/c[2]fe_; 

2 a- =Oik H [k + Ijtk-i- 

c[2\k 

We see from (|6.2p and (|6.3p that the matrices *P[n] and 9Jl[n] can be written as 

= Id+«|?oN, 9K[n] = Id+9Jln[n], 

where *Po [?^] ^md OJIq [rt] are strictly upper triangular matrices. We can show more; 
they arc in fact trace class operators. 

Lemma 6.3. Let K : An,2{0) An,2{0) be an operator with kernel K{z,w). 
Then 

I. K is a Hubert- Schmidt operator if and only if 

\K{z,w)\'^p{zY'''p{wy-"d^zd^w < oo. 



II. Moreover, if 

1/2 

\K{z,w)\^p{w)^-''d^W I p(2)l-("/2)^2^ < ^ 



or 

\ 1/2 

\K{z,w)\''p{zy-''d^z I pHi-("/2)d2^„ < oo 

then K is a trace class operator. 

Proof. I is well known. If K is Hilbert- Schmidt, then K is compact. Therefore 
there exist Ai > A2 > . . . > and an orthonormal basis {(pj \j>l} of An^2{^) 
such that 

00 

{KK*){z,w) = ^ Aj(pj(z)^j(w). 

Similarly, there exists an orthonormal basis \j>l} of ^„.2(D) such that 

00 

(if*if)(z,7i;) = ^A,V'j(z)V^. 
if is a trace class operator if and only if 



1/2 



< 00. 



By Cauchy-Schwarz inequality. 



2 

00 00 

2 



(6.4) |^Ayv,(^Mw <Y.xMi^)\'T.\^^i')\ 
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Since 

oo 
J = l 

is the kernel of the identity operator of A„.2(©), it is equal to id[n] (z, w). Therefore, 
It follows from that 

OO / OO \ 

Consequently, 



OO „ „ OO 

/ OO \ 



'2z 



1/2 



Similarly, 



1/2 



The assertion II of the lemma follows. □ 

Proposition 6.4. For all2 < m <2n—l, the operator DJlo[n] defines a trace class 
operator on . 

Proof. For 2 < m < 2n — 1, we define the matrices 07l„i[n] by 

c[l - n]ic[2]k-i {l + n-l)\ 
c[n\k (I — n + my. 



so that 

2n-l 
m=2 

It is sufficient to show that for all 2 < m < 2n — 1, defines a trace class 

operator. Denote by Mm[n] : A„_2(ID') An,2{^) the corresponding operator, i.e. 



OToN = ^ a7i„ 
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the operator with kernel 

M„[n](^, «;) = ^ ^ OT„[n](fcc[n],^'-"c[n]fc«)'=-" 

k—n l—n 

oo OO (1 J_ 1 M 

= E E ^[1 - n]^c[2],_;c[n], '-^j"~J , 5[/; n; m]fc_,^'-"«)'=-" 

OQ fc-m _ "MI 

=a„ V V c[2]fc_, ; + " \ E[f;n;m]k-iz'--w''-" 
, ^ (£ — n + m)! 

k=n-\-m l=n 



/ T 1 ^ \ I 

,l—n^-k- 

{l-n + m)\' 

{i + n-iy. 



=71 fc=/+m 

oo oo 



/=n k=m 

We compute 

11 \Mm[n]iz,w)\^piz)'-^d^z 

D 

^ (t — n + m)! (< + n — m — — n + m)! 

Since 

(I + n - ly.n - nV. + l)(Z + n-2)...(/ + n-m) 

lim = liiTi = 1 

;^oo {I + n — m — 1)1(1 — n + my. i^oo (I — n + m){l — n + m — 1) . . . {I — n + I) ' 

There exists a constant B > such that 

{l + n-iy.(l-ny 

{l + n-m - iy.{l - n + m)! ~ 

for alH > n. Therefore, 

JJ \Mm[n]{z,wy''pizy-^<fz 

D 

l—n — m 

=2-""+"'"<.„B(2n - 2m - 1)! |£[/; n]„(»))j" pH""". 
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Consequently, 

' ' \M^[n]{z,w)fp{z)^-''d^zp{wy-''d\ 



<2-2"+2™a„i?(2n-2m-l)! J J |^[/; n]™(«))| ^H'^^rfV 

D 

Since / is smooth, so is ^[f;n\m{w). Therefore, the last integral is finite and we 
conclude that Mm[n] is a Hilbert-Schniidt operator. On the other hand, by the 
same reasoning, the integral 

1/2 



<2-"+"v/anS2(2n-2m-f)! Jj |^[/; n]„,(iS)| p(u;)i-M^2^ 

D 

is also finite. Therefore, Af„j[n] is a trace class operator. 



□ 



Using the fact that ^^[7; n] — 9Jt[7 ^;n], we conclude that 

Corollary 6.5. For all n> 2, ^oin] defines a trace class operator on P . 

Now it follows from ([3?TT|) . ([3A6| and Lemma [42l that 

Lemma 6.6. Foralln>l, the matrices A['y;l — n\, D['y] I ^n], A[n\, D[n\ define 
bounded operators on . 

From the definition of A[n] in (|4.2p . we conclude that 

Corollary 6.7. For all n > 1, the operator A[n\ is bounded. 

7. Identities satisfied by the period matrices 

In this section, we are going to derive some identities satisfied by the period 
matrices. 

First, we introduce the matrix Il[n\ generalizing the matrix n[0] first considered 
by |Nag92| . Given 7 e Diff+(S'^), we can consider the Fourier coefficients o0 
cMfe7(e'^)''~"7'(e*^)" for any k and n. We define 



27r c[n\i Jo 
so that 

cMfe7(e'')'-"7'(e'')" = J] n[7; n]zfcc[n]ze'('"")^ 

The Z X Z matrix n[7; n] is defined by n[7; n] — (n[7; n]ik). It is easy to see that 
under group multiplication, 

(7.1) n[7i;n]n[72;n] = n[72 071]. 



^Here l' = p- where 2 = e'«. 
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Therefore 

(7.2) n[7-i;,i]=n[7;7i]-i. 
On the other hand, since |7(e**)| — 1, we have 



7(e^e) = 7(e^^)-\ 7'(e^») = e2'^7(e''')-'7'(e'''). 

Therefore, 

c[n]fc7(e^^)^'=""7'(e^')" = cMfc7(e»^)'=-«7'(e^')"e-2»e = ^ n[7; n]zfcc[n]ze^(-'-")^ 
This imphes that 



(7.3) n[7;n]_,,_,- -n[7;n]i,fc. 

On the other hand, since 



1 /■ 

— / (7(e*^)'=-"7'(e'^)") (7(e**)-"+"-i7'(e'^)i-") e'^d^ 
27r ./n 



2 cStt 



27r 
_ 1 
27ri /51 

we have 



l,—m — ^km- 

Together with (|7.3p . we obtain 

n[7;l-n]*n[7;n] = Id . 
In view of (|7.2p . we conclude that 

n[7-^n]=n[7;l-n]*. 
We re-collect these identities into the following lemma. 

Lemma 7.1. For any 7 G DifF_|_(S'^) and any integer n, we have the following 
identities: 



(i) n[7;7i];,fe = n[7;n]_;,_.fc. 
(ii) n[7-i; n] = n[7; n]-' = n[7; 1 - n]* . 
Now for n > 1, let 

ni[7;n] =(n[7;n];_fc);,fe>„, n2[7;n] = (n[7; n]_;_fc);>i_„,fc>„, 

nsb;'^] =(n[7;n]; _fc)(>„^A;>i-n, 114(7; n] = (n[7;n]_i__fc)i,fc>i_„ 

n2[7;n] ={Il[j;n]^i^k)i.k>n, 

ni[7; 1 - n] =(n[7; 1 - n]i^k)i.k>n, ^2h; 1 - n] = (n[7; 1 - n]-(,fe)i>i-„,fc>„, 

n3[7; 1 - n] =(n[7; 1 - n]; _fe);>„,fc>i-n, 114(7; 1 - n] = (n[7; 1 - n]-i-k)i,k>i-n 
Il2[j; 1-n] =(n[7; 1 - n]^i^k)i.k>n, 
By Lemma |7. 11 it follows immediately that 
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Lemma 7.2. For any 7 G Diff+(5^) and any integer n, we have the following 
identities: 

ii) Iii[r,n]* =ni[7-i;i-n], 

{li) fl2[7;n]* =fl3[7"^l-n], 



{lii) n2[7;n]* =n2[7-i;i-n]. 

Proposition 7.3. For every point 7 G Diff+(S'"'^), we have the following rela- 
tions. 

I. For any integer n, 

A[7;?i] =ni[7-i;n]-\ ^[7; n] = Hi [7; n]"^ 



B[7;n] ^\l2b-^\n]\l^[-i~^-n]-\ ^[7; n] - 02(7; n] Hi [7; n] 

B[r,n] =fl2[7"^;n]ni[7-i;n]-\ (7[7; n] = fl2[7; ^] Hi [7; 

II. For any integer n> \, 



(7.4) A[l - n] n4[7-i; 1 - n] 

Proof. For n > 1, since / o 7^^ = g, we find that restricted to S*^, 

(t/Wfc ° /(/')") ° 7-'((7-')')" - c/Wfe ° aig'T- 

Using tlie expansion of U[n]k o f{f')"' and U[n]k o g{g')^ give 

(7.5) ni[7-i;n]A[7;n] -Id, n2[7"^ n]A[7; n] = ^[7; n]. 

The other identities are proved similarly. □ 

From this, Proposition 16. 4[ CoroUarv 16.51 and the fact that '^[n] and dJl[n] are 
invertible, we conclude that 

Lemma 7.4. For any integer n > 1, A[l — n], A[n],^[n], D[l — n], D [n],'D[n], Hill — 
n] , Hi [n] define invertible operators on £^ . 

From part II of Proposition 17.31 we also have 

Corollary 7.5. For any integer n > 1, is a bounded operator. 

Proof. Let 



Ai[l - n 
A3[l - n 



= (A[l - n]i^k)i^k>n ' A2[l - n] = (A[l - n]ik)l-n<l<n-l.k>n, 

= (A[l - n]/,fc),>„,i_„<fc<„_i , A4[l - n] = (A[l - n],fe)i_„<;^fe<„_i, 

=(n[7; 1 - n];fc)i_„<;<„_i,fc>«, n6[7; 1 - n] = (n[7; 1 - n]ik)i>n.i-n<k<n-i, 

= (n[7; 1 - n];fc)l-n<(,fc<n-l- 



i[l — n] is the kernel of I?[n] with respect to standard bases. (|7.4p implies that 

Ai[l - n] A3[l - n]\ fUi[j-^; 1 - n] Heb^^ ^ " '^A ^ jd 
A2[l-7i] A4l-n]J \Il5[l-^;l-n] nr[-f-^;l - n]J 

Therefore, 

Ai[l - n]ni[7-^; 1 - n] + A3[l - n]n5[7-^; 1 - n] = Id . 

Since A3[l — n]n5[7~^; 1 — n] defines a finite rank operator, it is bounded. Therefore, 
the bounded-ness of the operator defined by Hi [7"^; l — n]~^ implies the bounded- 
ness of V[n]. □ 
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To derive Grunsky-type identities, for n > 1 we differentiate both sides of the 
formula 

c[l - n]fe7(e^')''+"''7'(e'')'~" = E "b; 1 - ri]ikc[l - n],e*('+"-i)^ 

with respect to z = e*^ (2n — 1) times. Lemma ISTT] gives us 

(sgn„fc)c[n],7(e'')'-"7'(e^')" 
= 5]n[7;l-n]zfe(sgn„0cW,e^('-")^ 

l'l>n 

+ n]2(e*') ^ n[7; 1 - n]iuc[l - n]i{l + n - I) . . .{I - n + 3)e'('-"+2)« 

+ e[7; "]3(e*') ^ n[7; 1 - n]iuc[l ~ n]i{l + n - I) . . .{I - n + 4)e*('-"+3)« 

+ . . . + e[7; "]2„-i(e''') n[7; l - - n]ie'('+"-i)^ 

Therefore, for all |fc| > n, 
(7.6) 

(sgn„fc)^n[7;n],fcc[n]ie^('-")^ 

= ^ n[7; 1 - n],fe(sgn„/)cHie'('-")'' + ^ 6(7; n]i,n[7; 1 - n],,(sgn„ J>[n]^e'('-")^ 
|Z|>rt iez 

and for |fc| < n, 
(7.7) 

= n[7; 1 - "]ifc(sgn„ /)cNie*('-")« + ^ e[n]i,I[[r, 1 - n],fc(sgn„ j>[n],e*('-")^ 
where 

2ri-l 



cf2l;_ cfl — n] ■ 

&[r, n]ij = (sgn„ j) Y ^[7; rn]i.j ^(j + 71 - 1) . . . (j - 71 + m + 1), 

and 



m=2 '■ 



fcGZ 



7?e77iarfc 7.6. When n = 2, ^[7; 2]2 = 25(7), ^[7; 2)3 = 5(7)'. Let 
|7(e*^)| = 1 imphes that 

7_A; = 7fe- 

A straightforward computation gives 



6[7;2],, = (sgn2j)*^^Lik(j+;)^,_^. 
c[2J; 
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For any integer n, let 

n[7;n] = (n[7;n];fc 

where 



Also for n > 1, define 



T^[i;n]ik, if |fc| > n, 
0, if \k\ < n. 



and 



where 



J = (Jik), where Jik = 5ik sgn„ fc, 
T[7;n] = I[n\ + 6(7; n] = {I[n]ik + 6[7; "-lifc);,^^^ 



1, \f k ^ I > n or k ~ I < —n, 
0, otherwise. 

Equations ([TJl) and ([7?7l) say that 

(7.8) n[7;n] = T[7;n]jn[7;l-n]J = T[7;n]jn[7;l-n]J. 
Multiplying JIl[y^^; 1 — n]J — Jn[7; n]* J on the right of both sides, we find that 

ii[r,n]jn[r,n]*j^T[r,n]. 

Since the < n columns in n[7;?T.] are identically zeros, the < n rows of 
jn[7; n]*J do not contribute anything to the product n[7; n] jn[7; n]*J. Therefore, 
we can replace the |fc| < n rows in jn[7;n]*J by zeros and n[7; n] jn[7; n]* J = 
n[7;n]jn[7;n]*J. This implies that 

(7.9) T[7;n] = n[7;n]JII[7;n]V, 
and therefore 

(7.10) T[7;n]* = JT[7;n]J. 
Let 

61 [7; n] =(©[7; n]a-);,fc>n, 62(7; n] = (©[7; /,.)/,&>„, 

Sab;"] =(S[7; n];,_fe)/^fc>„, 64(7; n] = {&['y;n]-i-k)i,k>n- 

Equation (|7.10p implies that 

eiM* - ei[7i], 62N* = -63M, GM* = S4M. 

Now, by deleting the |^| < n ~ 1 rows and < n — 1 columns of the matrices 
li-yin], we find from and (TTSl) that 



Lemma 7.7. For every integer n > I, we have the following identity. 
(7.11) 



Id 0\ , /6i[n] 63M\ /ni[n] n2[n]\ / ni[n]* -n2[n] 



idy/ V®2N 64 My vn2H ni[n]y v-n2N ni[n] 
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Comparing both sides, we have 



(7.12) Id+ei[n] =ni[7i]ni[n]* -n2[n]n2[7i] 



63 W =n2[n]ni[n] ^Ili[n]n2[n] 

and 



(7.13) 64[n] = 6i[n], 63W = 62N. 

Remark 7.8. When n = 1, we have S[l] — 0. Therefore, (|7.1ip says that 



(7.14) fn,[i] iMHU ni[ir, -W)=id. 



On the other hand, by removing the 0-th row of (|7.8p . we find that 
(7.15) 



Hi [7; 1] U2 [7; 1]\ / Hi [7; 0] -U2 [7; 0] 



,n2[7;i] ni[7;i]; V-n2[7;0] ni[7;0] 

Together with (|7.14p . this gives 



%[7;0] n^g[o]\ / ni[7;0]* -n2[7;0 ]*\ ^ 
,n2[7;0] ni[7;0]A-n2[7;0]* ni[7;0]* ^ 

a well known identity (see e.g. |Nag92| ) . From this equation and Proposition 17. 3[ 
we can derive the Grunsky equality for the pair (/, 5). 

Now we derive the Grunsky- type identities for (/, .g) from (|7.12p . For n > 1, 
equation (|7.12p gives 

ni[7-i;n]-i(ni[7-i;n]-i)* = Id -Hi [7-^; n]-i6i[7-^ n] (Hi [7-^; n]"!)* 

- Hi [7-^ n] -in^I^^V^n^l^^r:;^* (Hi [7-1 ; n] -1) * , 



ni[7"i;n]-i63[7"^n] [n,[j-^;n]-^ ^ 
=ni[7-i;n]n2[7-i;n]-n2[7"^n]* (nTb^V^^ _ 
By Lemma [7^ Proposition 17.31 (|3.7p and (|3.1ip . we have 
ni[7"i;n]~i = ^[7; n] = D[r, 1 - nf = A[-r^; 1 - n]* ^ D[j-^;n\, 
n2[7-i;n]*(ni[7-i;n]-i)* = n2[7; 1 - n]ni[7; 1 - n]-^ = ^[7; 1 - n] = B[j-^; 1 - n 
Therefore, we obtain 

Proposition 7.9. For any integer n > 1 and 7 G S'^\ Diff+(S'^), we have the 
following identitities. 

(7.16) 

A[7;n]^[7; n]* = ld-A[r, n]6i[7-^ n]^[7; n]* - C[r, 1 - nfC[r, 1 - n], 

^[7; 1 - n]*A['j; l-n]= Id-A[7; 1 - n]*6i [7; 7i]^[7; 1 - n] - ^[7; 1 - n]*B[j; 1 - n] 

D[r, n]D[r, n]* = Id -D[r, n]&4r, n]D[r, n]* - B[j- 1 - n]^S[7; 1 - n], 

D[r, 1 - n]*D[r, 1 - n] = Id -D[r, 1 - n]*&4[-/-'^;n]D[r, 1 - n] - C[r, 1 - n]*C[r, 1 - 

A[r, n]63[7"^ n]A[7; nf = C[r, 1 - nf - C[r, 1 - n], 

D[r, nfe2[r, n]D[r, n] = B[r, 1-nf- B[r, 1-n]. 
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8. The functions 5„ and ©„ on S'1\ Diff+(5^). 

In this section, we want to show that we can define real-valued functions ^„ ■ 
5i\Difr+(5i) ^ M and ©„ : S'i\ Difr+(5i) M by logdet ^[7; n]A[7; n]* and 
logdet2l[n]2l[?i]* respectively. 

First, we have the following propositions: 

Proposition 8.1. For any 7 G S'^\ Diff+(5'^), the matrix &i[y;n] defines a trace 
class operator on P' . 

Proof. Since 61 [71]* = Si[7i], we can write 

&i[n]=D[n]+2[n]+£[n]*, 

where D[n] is a real- valued diagonal matrix and £[n] is a strictly lower triangular 
matrix. From the previous section, we find that 

2ji-l 2ri-l 

= ^ DmN = ^ (D[n]ik)Lk>n, 

m=2 m— 2 

2n-l 2n-l 

-CM = ^ S,m[n] = ^ {S,m[n]lk)l.k>n, 
m—2 m—2 

where 

c[2]oc[l-n]k {k + n~iy. 



'Dm[n]ik =<5/,fc^[7;n;m]o- 



c[n\k (fc — 71 + m)! 

c[2],„fcc[l-n]fc (k+n-iy. 



I 0, otherwise 

and 

ar,nUie^') = ^S[7;n;m],c[2],e^('=-")«. 

It suffices to show that each of the matrices [n] , £,„ [n], 2 < m < 2n — 1 defines 
a trace class operator on £'^. By (|3.2p . 

c[l-n]fe (fc + n-l)! 1 



c\n]k (k-n + m+ 1)1 ^ 



c\n\k (k — n + + 1)! (fc — n -t- — n -|- 2) . . . (fc — n -|- to) 

k—n L J V fc— n 

oo ^ 

therefore Dm[7T,] defines a trace class operator for all 2 < to < 2rt — 1. 
To show that £m[n] defines a trace class operator, we define 

A = (A/fe)/^fe>„, where A;,fe = (5/.fe+i 

and write 

(8.1) £m["] ~c[2]i^[j;n;m]iADi.m[n] -l- c[2]2^[7; n; to] 

m — 1 ^ -^m — l.m 

[n] + £m[n], 

where 

c[l - {k + n- 1)1 
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£'m.[n]Lk, if l> k + m 
0, otherwise 



Since c[n]j._(.j > c[n\k for all j > 1, we can show as the case of D„j[n] that the matrix 
Dj^m is of trace class for all 1 < j < m < 2n — 1. On the other hand, since the 
function C[7;n]m is smooth on S^, we can show as in Proposition 16.41 that iimM 
defines a trace class operator. Since A defines a bounded operator, (|8.ip shows that 
£,„[?!] defines a trace class operator. This completes the proof. 

□ 

Proposition 8.2. For any 7 £ S'^\ Diff_(_(S'^) and any integer n > 1, the matrix 
C[l — n] defines a Hilbert Schmidt operator on . 

Proof. For n — 1, the result is already known (see e.g. |TT06] ). Hence we assume 
that n > 2. 

From the definition (|4.2p . to show that C[l — n] defines a Hilbert-Schmidt oper- 
ator is equivalent to showing that the operator C[n] is Hilbert-Schmidt. By Lemma 
we need to prove that 



//// 



\C[n]{z,w)\^ p{z)^-''p{w)^-''d'^zd^w < 00 



For this purpose, we use variational techniques. From (|4.3p . we have 

(8.2) C[n](z, a^^-^ ( /(.) - /(H " ~ 

Given a point 7 G S^\ Diff+(S'^), we can joint it to the origin id e S^\ Diff+(S'^) by 
a smooth curve 74, t € [0, 1] such that 70 = id and 71 — 7. We have the following 
well-known fact |Kir87| : 

Lemma 8.3. Given a smooth curve 7* G S'^\ Diff+(S'^) and its associated pair 
{f\gt), we have 



df 



t+s 



ds 
where 



MO 



o 

s=0 



ds 

is a smooth function on . 
For C e S'\ let 

fcez 

and define 

fe=i 

It is easy to see that 



Now a straight-forward computation gives 
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Lemma 8.4. 

(8.3) 
d 



ds 



^-n f ^^^(C)3^(C)'(/*)'W"(/*)'H^-" 



27^^ Is. (St(C)-/*M)^(fft(C)-/*W) 
Let 

^^^^^ J V / " k=l-nl=l-n 



dc. 



OO OO 



and define 

OO OO 



= — V V Ht[7i],fcc[n+l]fcr^-"-ic[l-n],u;'+"-i, 



(8.4) Vt[n]iC,w)^— J2 Y.M^-^T'WcMkC 

k—l—n L—n 

^ OO OO 

Ht[n]{C,w)^— V VH[n]tH,fcc[n+l]fer'=-"-i4 



k—l — n l- 



Comparing (|8.3p with (|8.2p . we find that 
Corollary 8.5. 



d 
ds 



C[nMzM =a„( (g,(C)-/^(z))^ PM.(C^)rfC 



1-i -(0.^(C)-"(f)'(.)".^^(^^^),^^ 



Sttz Jsi 5t(C)-/*(^) 
Now we prove the following. 
Lemma 8.6. 



d 



ds 



C[n\t+s{z,w) 



p{zf-''d^Zp{wf-''d^W < i?t ^ fc""+2|cfc(t)|^ 



fc=l 



=0 

o u 

for some constant that depends continuously on t. 
Proof. By (|4.4p . we can write 

AiCw) = RtMiCw) +Vt[n]{C,w), 

where 

k—l — n 

Since 



(5t(0-/*H)' 9CV 9t{0~f{w) J g'tiO 9t{C)-P{w) ' 
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7Jt(C,w) = + -^Vt[n]t{C„w) 

By standard reproducing formulas, we have 



Vt[n]iC,w) =/3„ // _ d V, 



g'tiO ^JJ g'tiv) (i-vCy 



On the other hand, by p.lOp and the definition of A[n] in (|4.2p . we can verify 
directly that 



00 oc 



^ J2 At[n]i,c[l - n]fcC-'+"-'c[n]iz'-" 



A [n] (m, z)p(m)^ 
m2"-1(uC- 1) 



-d 



'2„ 



Differentiating with respect to C, we have 



u 



From these, we can write 

1 / vt{Og't{c?-{n'{zr 



Vt{C,w)dC 



2^* Jsi (3t(C) - 

-piuf-^d^udC 



1 / f f '"t{C)At[n]{u,z)Rt[n]{C,w) 2 



27r« Jsi yy « - l)2u2»-2 

1 / //-*(C)AW(..,z)i?an](C,-)3M^(^)i-„^2^^2^^^ 



271^1 JsJJ JJ u^^-^iuC-m-vcr g'tiv)' 

I ff //-*(C)A[n]Kz)AM(«,-)^(^)i-„^(^)i-„^2^^2^^^ 



27ri Jsi yy J J u2"-2« - 1)2(1 - vC)^"^ 

D* D* 

/3" i ff ff ff vtiOAt[n]{u,z)Vt[n]iv,w) g'/irj) 



27r2i/si yy yy yy m2"-i(uc- i)(i-5C)^"(i-^C)^ 

D* D* D* 

p{u)^-'"-p{v)^-''d^'nd^vd^udC, 
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and 



2-Ki 



1 / vtiom'-'^in'i^r 



SI 



-Ht(c,w)d(: 



1 



5t(C)-/*W 

?22«-i(i2C- 1) 9C 



2n/3„ 



-;2n-l 



jj-^nt[n\((^,'w)p[u) a rja udQ 



21X1 J gl 



27r2 



':^^^K-'iKr-ia'^- '""''"''""''"''''"''''"'^ 

?22"-i(uC - i)(i - wC)^"(i - C^)^ g'M 

p{uy-'"'p{vy-"(fr](fu(fvdC. 



Since from Corollary 16.71 and Corollary 17. 5| both At [n] and Vt [n] are bounded 
operators, we have 



IllltdJIII 



Vt (OA [n] {u, z)Vt [n] {v, w) . i_„ ,m-„ ,2„, j2„ 



l2n-2 



(uC- 1)2(1 ~UC)2" 



■p{vY-'^p{uY-'^d'vd'udC, 



<KlfK2.-. 



VtiOP. 



X p(z)l-"d2^p(w)l-"d2u; 
2 



=Kl,tK2,t 



27ri /si m2"-2(u,^ - 1)2(1 _ i;(^)2n 

00 00 

^ ^ Cfc+„j(i)c[n],^„(A; - n + 1) 

fc^n m—n 

k—nrii—n -"^ 

00 / fc-n ^[^12 

=Kl,t«:2,t ^ ^ 
k=2n \j=n 

fc' (fc - i - n + 1) . . . (fc - j + n - 1) 

k—2n \j—n 

oc 

<AJl,tK2,t ^ fc'"|Cfe(t)P, 



p(v)l-V(M)l-"d2^d2^ 



p(w)i-"p(u)i-"d^z;(i^u 



{j-n + lf\\ck{tW 



ij-n + l)...{j + n- 1) 



(j-n+l)2 |cfc(i)|' 



k=2n 



where 
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are the squares of the sup-norms of the operators At[n] and I?t["] respectively. 
Similarly, we have 

(8.5) 

vt iC) At [n] {u,z)Vt [n] {v, w) g'j (jj) 
u2»-i(mC - 1)(1 - wC)^"(l - T]C,Y- 9'tiv) 



X p{vf-'^p{uY-''<f'q(fv(fudC 



27r2i /51 J J u2"-i(uC - 1)(1 - i;C)^"(l " ^70^ 9'tiv) 



p{vY~''p{uY-''(fvd?u 



From our result in |TT06j . for 7* € Difr+(S'i), 



9'tiv) 



d -q < 00. 



It follows from Cauchy-Schwarz inequality that (|8.5p is bounded by 



1 



00 00 00 



J SI u2»-i(uc - i)(i - wc)^"(i - ncY 

d^rip{vf-'' p{u)^~'^d'^vd^u 

k—1 m—n l—n ^ 

00 



*:=2n+l 

Now we consider the term 



2ni J gi 



u2»-l(uC- 1)(1 - VC)^"+^ ' ' ^ 



X p{zy-''d'zp{wy~''d'w 



Using the same reasoning, it is bounded by 

1 f 2nvt{C)vPn 



Kl,tK2,t 



00 OC 



27ri Jgi u^'^-^iuC, - 1)(1 - uC)^"+ 



M^2,*EEl^'"+'Wl'^("^ + ") 

m—n Z^n ^ 

00 



fc=2n 
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For the terms containing Rt[n\((^, w), we have first 
VtiOAt[n]{u,z)Rt[n]iC,w) 



D D 



1 

. 



M2n-2(u^_ 1)2 



p{zf-''p{wf-''d^zd^w 



1 / Vt{ORt[n\{CM 



D D* 



<(2n-l)Ki,t 



l=l-n 



D D* 



1 / Vc{C WnUw)c[n]i(:-'-^ 

2n-2 (,-,/-_ T\2 "'^ 



2m 



SI 



=(2n-l)M,tQ-^ c[n]f||ilt[n],||2 2 £|cfc+i(t)|2-— 



;=i-n 

n-1 



u2«-2(y^_ 1)2 

(fc-n + l)2 



(/c - n + 1) . . . (fc + n - 1) 



<(2n-l)«i,, 5^ ||iltWdl^,2El^'^(*)l'- 



i=l-n 



Similarly, 



D D 



1 



27r2i 



n-1 



<(2n - l)Ki,t>tft E 



;=i-n 



fe=l 



M2"-i«-i)(i-r?c)2 g'tin) "^^ ' 



D D* D* 



1 



27r2i Jgi W2n-l(y^ _ 1)(1 _ f^Q2 

X d^rip{uf-''p(wY-''d^ud^w 



(2n- 1)^ E c[n]2|ilX,[n]^||^_2 ( E E V^^^^M' 



n-1 



a„,7r 



<(2n-l)^ E ll^*N;|ll2E^|c''Wl'- 



!=l-7l 

n-1 



\k=n m=l 



(fc - n + 1) . . . (/e + n - 1) 



;=i-n 



/s=2 



Finally, 



1 



■f vt{C)At[n]{u, z) ^Mn\{C,wl^^^y_„^2^^^ 



n-1 



< (2n- E 



u2n-l(uC-l) dC 

1 /• ^;t(C)c[n]K/ + n)ilt[n],HC-'-"-' 



dC 



2m Jgi U2n-l(^^_l) 

" "- D D* 

X p{uf-''p{wf-''d^ud^w 

71—1 OO 



=l-n 



fe=l 
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Putting everything together, we find that 

2 



d_ 

ds 



C[n]t+s{z,w) 



s=0 



pizy-^'d^zpiwy-^'d^w < i^t^/fc2«+2|^^(^)|2^ 



fc=l 



where 



TT 

Ji-1 



(2n-l)«i,ta2 ^ [n^ + {l-nf{l + nf + i2n-lf^)\\Ht[n]i\\l 



depends continuously on t, since each of the terms Ki^t, K2,t, xt, \\^t[n]i\\n 2 depends 
smoothly on t. □ 

Now we come back to show that C[n] is Hilbert Schmidt. Since C[n] = when 
7 — id, we have 

\C[n] (z, w)f pizf^'pimf^'^d^zd^w 



^ dC[n]t{z,w) 



< 



dt 



dC[n\t{z,w) 



dt 



p{zf-''p{wf-''d^zd'^w 



dt 



p{zf~''p{wf~''d^zd^wdt 



< Vfc2«+2|cfe(i)pdi <oo, 

"'0 



k=l 

since both At and J2kLi fc^"^^|cfc(i)P depend continuously on t. 



It follows from Proposition [721 and Lemma [7.41 that 



□ 



Corollary 8.7. For any 7 G S'^\ Diff+(S'"'^) and any rt G Z, the matrices Il2['Y;n], 
B[j;n], C[j;n] define Hilbert- Schmidt operators on £^ . 

Since we have shown in Proposition 18.11 and Proposition 18.21 that &i[n] and 
C[7; 1 — n]-^C[7; 1 — n] are trace class operators, from the identity (|7.16p 



^[7; n]A[r, n]* = Id -A[7; n]6ih-';n]A[r, n]* ~ C[r, 1 - n]' C[r, 1 - n], 

we conclude that the Fredholm determinant of ^[7; n]A[7; n]* is well defined for 
all n > 1. Now since ^[7; 1 — n] = A[^^^;n]* , the Fredholm determinant of 
^[7; ri]^[7; n]* is well defined for all integers n. On the other hand, since 2t[7; n] — 
A[y; n]*P[7; n], Corollarv l6.5l implies that the Fredholm determinant of 2t[7; n]2t[7; n]* 
is also well defined for all n > 1. Hence we can make the following definition: 

Definition 8.8. For any n G Z, we define the real-valued function ■ >5'^\ Diff_|_(S'^) 
M by 

= logdet^[7;n]A[7;n]*. 
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For any integer n > 1, we define the real-valued function 6„ : S'^\ Diff+(5'^) K 

by 

&n = logdet2t[7;n]2l[7;n]* = \ogdet{K[n]K[n]*) = \ogdetN„{n*). 
Notice that for n > 1, 

5l_„(7)=logdetM^(0*). 
Some properties of the functions and (S„ are listed below. 
Proposition 8.9. We have the followings: 

A. For any integer n, dn{l) = di-n{l~^)- 

B. For any integer n > 1, ©„ is invariant with respect to the inversion 3 on 
S^\BiS+{S^), I.e., ©„(7) = 6„(7-')- 

C. For any integer n> 1, — — -Si—n- 

D. For any integer n, 

dn{7) = -logdetni[7;n]ni[7;n]* = - log det Hi [7; 1 - n]ni[7; 1-n]*. 

E. Both the functions and ©„ are constant on each fiber of the mani- 
fold S^\BiS+{S^) over M6hiS^)\mS+{S^). Hence they descend to well- 
defined functions on M6b(5'^)\ Diff+(5'^), which we denote by the same 
symbols. 

Proof. Notice that for any operator K where KK* — id is a trace class operator, 
det KK* = det K*K. A. follows from the identity 

A[r,l-n]=A[^-';n]* 

and B. follows from 

2t[7"^ n] = D[r,n] ^ 2l[7; n]* . 

It is well known in Fredholm theory that if both Ki and K2 are operators such 
that Ki — id and K2 — id are trace class operators, then det Ki K2 = det Ki det K2 = 
detK2Ki. On the other hand, since *p[7;n] is an upper triangular matrix with 
diagonal elements all equal to 1, dct?p[7;n] = det!P[7;n]* = 1. It follows that 

det 2l[7; n]2t[7; n]* = det ^[7; n]*2l[7; n] 

= det mr,n]*A[r,n]* Air, nmr,n]) 

= det («P[7; n]*) det (^[7; n]*A[r, n]) det {^[r, n]) 

= det {A[r,n]A[r,n]*), 

i.e. &n = dn- We can then conclude the other equality in C. by A. and B.. 
Now, since j4[7~^;n] = ni[7;n]~^, by B. and C, 

dnil) = Snij-') = log det {A[^-';n]A[j-'-n]*) = -logdet(ni[7;n]ni[7;n]*) . 

Together with C. prove D.. 

Finally, when a G PSU(1, 1) is a linear fractional transformation, S{a) = 0. 
Therefore, 6[fT;n] = 0. On the other hand, since a extends to a holomorphic 
function on D, we have 

(8.6) n2[c7; n] = for all n > 1. 
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It follows from (ffl^ that 

(8.7) Hi [cr; n]ni [cr; n]* = Id. 
By dZI]) 

n[cr o 7o] = n[7o; n]n[a; n] 

and (|8.6p . we conclude that 

(8.8) ni[CT0 7o] =ni[7o;n]ni[a;n]. 

It follows from D., jHJ]) and jH]) that 

driicr o 7o) = - logdct (ni[cr o 7o;7i]ni[o- o 7o;7i]*) 

= - logdet (ni[7o;n]ni[7o;n]*) = 5'„(7o). 

Therefore, dn is invariant on each fiber of S'i\ Difr+(S'i) ^ M6b(S'i)\ Diff+(S'i). 
By C, the same holds for ©„. 

□ 



9. First and Second derivatives of the functions and C5„ on 

Mob(S'i)\Diff+(S'i) 

In this section, we compute the first derivatives of the function — 
We begin by an interesting lemma. 

Lemma 9.1. Let E be a domain and h : E C- a univalent function. Then we 
have the following formula: 



/i'(z)i-"/i'(w)" 1 



h(z) — h{w) z — w 



Qn — Qn + 1 
6 



S{h)iz) 



The proof is just some calculus. However, this formula is essential in our theorem 
below. I am grateful to A. Mcintyre who pointed out this formula to me a few years 



Theorem 9.2. Let 7 e M6b(S'-'^)\ Diff_(-(5"'^) and u = (v,v) a tangent vector at 7. 
The first derivative of the function is given by 

()Ti'^ — Qn 1 f 

9S'n(v) — — (t S{g){z)v{z)dz 

127^^ /51 

_ 6?!^ — 671 -f" 1 f 

^^■^(v) = — — * S{g){z)v{z)dz. 

127ri Jgl 

Proof. We use the definition 

S'n(7) = - log III [7; 1 - ?^]^l[7; 1 - "]* 

for the function 
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Let 7t be a smooth curve in Mob(S'^)\ Diff+(S'^) which defines the tangent vector 
u = (v,v) at 7o = 7. It is a standard fact that 

(9.1) ^ logdet(ni[7t;l-n]ni[7t;l-n]*) 
t=o 

V r_,. 1 ^iTT r_,. 1 — 1 



= Tr (ni[7;l-n]*)-ini[7;l-n]-M - 



d 




dt 


t=o 


-'( 


' d 




, dt 



(ni[7t;l-n]ni[7t;l-n]*) 
ni[7t;l-n]) ni[7;l-n] 



i=0 



+ (ni[7;l-n]*) 
Let Ut = 7t o 7~^ and 



-1 



= -dT 



t=0 



,fe+i 



By (|7.ip . we have 



Therefore, 
(9.2) 



d_ 
dt 



t=o 



n[7t; 1 - n] = n[7; 1 - n]n[ut; 1 - n]. 

n[ut;l-7i]. 



n[7*;l-n] =n[7;l-n] - 



,l+n-l 



By definition, 

c[l - n],Ut(z)'=+"-iu;(z)i-" = ^ n[ut; 1 - n]ikc[l - n] 

Differentiate both sides with respect to t, we have 

Il[ut;l-n]ik)c[l-n]iz'+--' 

=c[l - ((fc + n - l)z'=+"-^u(z) + (1 - n)z''+'''-^n' (z)) 

=c[l - ^(fc + n - 1 + (1 - n)(Z + 1))qz'+'=+"-i. 

lei, 

Comparing both sides, we find that 

^ n[ut; 1 - n]ik =^^}—^{k + n - 1 + (1 - n){l -k + l))Q_fc 
dt c[l - n\i 

= — c[l - n\kc[n\i{nk + (1 - n)l)ci^k- 
an 

From (|9.2p again, we have 



d_ 

dt 



t=o 



ni[7t;l-n] =ni[7;l-n] ^ Hi [u^; 1 - n] + ftsb; 1 - n] 

dt 



n2[ut; 1 - n]. 



t=o 
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Tr (ni[7;l-n]' 



dt 



Ili[ut; l~n] 



dt 



ni[ut;l-n]* ni[7;l-n] 



+ (ni[7; 1 - n]*)-ini[7; 1 - nr'n,[r, l~n]{- 



fl2[uul-n] ni[7;l-7i] 



(ni[7;i-n]' 



n2[ut;l-n]* n3[7;l-n] 



t=o 



/ d 
= Tr — 
I dt 



t=Q 



ni[uf; 1 - n]* 



(ni[7;l-n]-in3[7;l-n] 



t=o 
d_ 
di 



n2[uf; 1 - n] 



fi2[ut;i-n]* ri3[7;i-^]*(ni[7;i 



Now, since cq is purely imaginary, and for any k, 

d , , , 

— ni[uf; 1 - njfefe = fcco, 
dt t=o 

we have 



Tr 



ni[7t;i-n] 



dt 



On the other hand, by Lemma TT^ and Proposition 17.31 

flab; 1 - n]* (ni[7; 1 - n]*)"' =^Il2h~';n]U,[j-';n]-' = B[j 
Therefore, 

fl2[ut; 1 - n]*) ilsir, 1 - n]*(ni[7; 1 - n]*)-^ 



t=Q 



oo oo 

l—l—n k—7i 

oo oo 



n2[ut; 1 - n] 



= — ^ g[7; n]ikc[l - n]fcc[n];(nfc + (n - l)Oc-;-fc 

/ — 1— n h—n 

oo oo 

= ^ B[-f, n]ikc[l - n]kc[n]i{nk + (n - l)l)ci+k 



l—l—n k—7i 



2ni 



T{z)Y{z)dz, 



where 



fc=l 



fe+1 
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and 



oo oc 



-l-k-2 



l—\ — n k- 



" ^ OO oo 

— ^ B[-f; n]ikc[l - n]kc[n]iw 



w — *z 

n2 



l—l—n k—n 

g{z)-g{w) z-w 



6n — 6n + 1 
6 



Since S{g){z) = 0(2 as z ^ oo, the ci term in v(2:) does not contribute to the 
integral 



SI 



T{z)'v{z)dz. 



Therefore, we can replace v by v = X]fe°=2 CfeZ*^^^ and we have shown that 



Tr 



t=o 

6n^ — 6n + 1 



fl2[ut; l-n]*] flsir, 1 - n]*{ni[r, 1 - n]* 



SI 



S{g){z)v{z)dz 



Finally, 



Tr(ni[7;l-n]-in3[7;l-n] ( - 



n2[uf; l-n] 



nj[ii,; 1 - »]• dsh; 1 - iir(ni|7; i - n]-)- 



t=0 

— 6n + 1 



n2[ut; l-n]* Hsb; 1 - n]*(ni[7; 1 - n]*)-i 



S{g){z)Y{z)dz. 



127ri J gl 

Combining together prove the assertion of the theorem. 

In [SH62] (see also (TTOfij V the function S : Mob(5i)\ Diff+(S'i; 



by 

was shown to satisfy 
and 



f'iz) 



nz) 



d^z + 



9"{z) 



9'{z) 



d^z - An log |5'(oo)| 



dS{y) = i(t S{g){z)y{z)dz 



□ 

defined 
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The later implies that 5 is a Weil-Petersson potential on M6b(S'^)\ Diff+(5^). Since 
ni[id;7i] = id for all n E Z, iJ,i(id) = 0. Together with the fact that S'(id) = 0, we 
conclude that 

Corollary 9.3. On M6h{S^)\DiS+{S^) , we have the following: 
I. 

_ 6n^-6n + l 
^" " " Utt 
II. Universal Index Theorem on Mob(S'^)\ Diff+(S'^) /. 

iZn 



This proves our main result. 

Theorem 9.4. Universal Index Theorem on M6b(S'^)\ DifF+(5^) //. 

I. For every point on M6b(5^)\ Diff+(S'^), the determinant of period matrix 
of holomorphic n- differentials is related to the Weil-Petersson potential 
S by 

( 6n^ — 6n + 1 
det = exp — . 

y iZTT 

II. For every point on M6b(S'^)\ DifF_|_(S'^), the determinant of the period ma- 
trix of holomorphic n- differentials iV„ is related to the period matrix of 
holomorphic one forms Ni by 



det Nn = (det A^i 



,Gn — 6n+l 



The item II of the theorem is the universal version of Mumford's isomorphism 
|Mum77| Xn = Af^" -6n+i ^ where A„ is the determinant line bundle of n-tensor 
power of the vertical cotangent bundle of the fibration Cg Mg, i.e. the fibration 
of the universal curve over the moduli space of Riemann surfaces of genus g. 

On the other hand, we can also interpret our result in terms of the Bers integral 
operator. 

Theorem 9.5. For every point on M6b(S'^)\ Diff+(S'^), the Bers integral operator 
K[n], n> 1 satisfies 

det {K[n]K[n]*) = exp /^_ 6"'-6n+l \ ^ ^^^^ (X[l]if[l]*)]6"'-6-+i . 
V 127r / 
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Appendix A. A Conjecture 

As we mentioned in the introduction, the Bars integral operator K[l] is a bounded 
operator with norm less than or equal to one. We conjecture that for all n > 2, 
K[n\ is also a bounded operator of norm less than or equal to one. Below we give 
a partial support to this conjecture. 

Lemma A.l. If <j) e ^i,2(B), then (j)^ e Ai.2(D). 

Proof. Since (p e Ai_2(D), by Lemma 1.3 in Chapter 2 of |TT06j . 

||0||i.oo = supp(z)"^/^|(/)(z)| < oo. 

Therefore 



Lemma A. 2. Let n > 2 be an integer. If 4> G ^i,2(ID'), then 

Il'^"ll^<^^ll0ll?,2ll0"-^IIU2- 



Proof. Let 



Hz) ^^a.kc[l]kz'' \ 

k=l 
oc 

r-i(z)= J2 hkc[n - l]kz'^~"+\ 

k—n — 1 

oo 

</)"(z)-^Cfcc[n]fcz'=-". 



Then 



We have 



k—n 



k-1 



c[n]kCk = ^ c[l]A:_;c[n - l];afc_;bi. 



l=n-l 



oo oo 



k—n k—n 
k-l 



k-1 



c[l]fe_;c[n - l];afc_;b; 



l=n-l 



k-1 



k 

From the identities 



k=n '^^'^Jfc \l=n-l 



\l=n-l 



fin 



{l-x) 



2m 



E' 

k—ni 



and 



(1 - x)2 (1 - a;)2"-2 (l-x)2 



□ 
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we find that 



Therefore 



^ J2 c[l]L;c[l-n]f = i c[n]l. 



> k-l 
k—n l—n—1 

' OO \ / CXD 



' f3n 

\/c— 1 / \l—n—l 

/3l/3n-l II , ||2 ||/|j2 
= ^ ll<?'lll,2ll'Pli«-l,2- 



□ 



The following is the main support of our conjecture. 
Theorem A. 3. Let n be an integer. Then 

{K[n]K[n]*){z,z)^ [[ \K[n]{z,w)\'^piwy'''d'^w <ld[n]{z,z). 



Proof. Let 0^ € Ai,2(lD)*) be defined as 



= = /^iTrf^^^^^. 

{f{z)-g{w)y 



Then 

i^[n](z,u;) = /3„ ( , - , 

v(/(^:)-5H)v /3r 

We prove the theorem by induction. The case n = 1 is known to be true (see 
|TTC)6| V For n>2, suppose that 

{K[n - l\K[n - z) < Id[n - z) = , 

then 

a2n-2 a2n-2 i 

Therefore by Lemma IA.21 



Pi Pi Pn 



/3„ 



Id[n](z, z) 



(1 - |z|2)2" 

By induction, the theorem is true for all n > 1. □ 

This theorem implies that the kernel of the operator (Id[n] — i4r[n]i4r[n]*) satisfies 
(Id[n] - K[n]K[n]*){z, z) > 0. Therefore, we conjecture that (Id[n] — iir[n]i4r[n]*) is 
a positive definite operator, which means that K[n\ is an operator with norm less 
than or equal to one. 
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